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and Rotor
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Abstract—This paper presents a closed-form solution of
Maxwell’s equations in squirrel-cage induction motors. The so-
lution is obtained for a cylindrical multilayer geometry. The squir-
rel cage is represented by an equivalent anisotropic homogeneous
medium. The effect of stator slots and teeth is included by a second
anisotropic homogeneous medium. The induction motor is mod-
eled as six concentric cylindrical layers representing the different
construction components of the motor. The governing partial dif-
ferential equations are solved for the excitation source, conducting,
and nonconducting regions. The obtained formulas allow for effi-
cient calculations of machine performance which may help the
motor designer to select the proper parameters of the machine
that fit the design requirements. Accuracy of the method is veri-
fied against finite element simulations, a commercial motor design
program, and experimental results.

Index Terms—Eddy currents, electromagnetic induction, equiv-
alent circuits, induction motors.

1. INTRODUCTION

LECTROMAGNETIC fields inside induction motors have
been studied before the computer age by several authors;
to mention a few we have Hague [1], Smythe [2], and Alger [3].
Because of the lack of computing power, the geometries and
excitation conditions did not reflect all the electromagnetic phe-
nomena of a realistic induction motor. As computing power has
been made available to engineers, several authors have solved
increasingly complex eddy current problems. Good examples
include the works of Melcher and Woodson [4], [5], Stafl [6],
and Stoll [7]. More recently, we have cited the work of Perry [8]
and Tegopoulos [9]. Although the authors in [4]-[9] present
solutions to practical eddy current problems, none deals with
the cylindrical geometry of a rotating conductive cylinder rep-
resenting an induction motor.
Multilayer traveling electromagnetic wave problems with the
intention of modeling induction motors have been studied by a
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number of authors; see, for example, [10]-[14]. Hague [1] and
Levi [15] have represented the stator and rotor as fixed current
sheets. In [10]-[13], the curvature of the motor is ignored and
so is the effect of stator slots. In [14], the cylindrical geometry
is considered, but the slots and teeth in both stator and rotor are
neglected. In [16], the rotor was allowed to rotate and the stator
is represented by a thick conductive layer where eddy currents
can be induced. The authors in [17] give an analytical iterative
approach with the stator and rotor modeled with anisotropy. A
magnetostatic solution was obtained.

This paper presents a 2-D (cylindrical) closed-form solution
of the electromagnetic field problem in a three-phase squirrel-
cage induction motor considering a model closer to reality than
previously published using current sheet representation of the
stator and rotor. The rotor is allowed to move. An anisotropic
homogeneous representation for both squirrel-cage rotor and
stator windings is used. All other regions in the motor are
considered nonconducting isotropic media. This field solution
to quasi-static problem has not been published earlier, to the
authors’ knowledge. The incremental contribution is that it
accounts for stator impedance, i.e., stator leakage reactance
is taken into consideration. Additionally, it accounts for slots
and teeth in the stator and the squirrel-cage bars of a moving
rotor.

Once a solution to Maxwell’s equations is obtained in all
regions in terms of the magnetic vector potential, it is possible
to compute terminal performance parameters, such as stator
impedance, rotor impedance, torque—slip characteristics, rotor
losses, air-gap power, output power, etc.

The accuracy of the analytical solution is confirmed by 1)
comparing the electromagnetic fields computed analytically
against finite element solutions for the same geometry; 2) Com-
puting the output performance of the analytical solution (torque—
speed characteristics) and comparing against measurements of
a real motor.

II. MATHEMATICAL MODEL

A multilayer traveling wave is usually produced by a
polyphase winding, which acts upon a series of laminar regions.
A region is defined, for the purpose of this paper, as an area in
the motor in which the material can be considered uniform and
having boundaries of simple cylindrical shape. When any of the
regions is conducting, eddy currents are allowed to be induced
and forces tangential to the plane of the region are established.

0885-8969/$31.00 © 2012 IEEE
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Fig. 1. Regions of the motor represented in the model.

Fig. 1 shows the configuration under study. It consists of
a sextant of a motor composed of six concentric cylinders as
follows.
1) Rotor iron core represented by electrically insulated fer-
romagnetic laminations of high permeability, = [0, a.

2) Squirrel cage represented by an anisotropic homogeneous
material modeling the rotor bars and insulated iron teeth,
r = [a,b].

3) Air gap, r = [b,c].

4) Stator windings modeled as an anisotropic homogeneous
material representing slots and insulated iron teeth having
a uniform current density excitation, r = [c, d].

5) Stator iron core representing by nonconductive ferromag-

netic laminations, r = [d, €].

6) Exterior (air), r = [e, 00).

It is further assumed that displacement currents and magnetic
saturation are negligible. The analysis is performed using the
magnetic vector potential since it yields a 1-D problem with two
independent variables.

III. ANISOTROPIC REPRESENTATION OF STATOR AND ROTOR

Due to alternating nature of teeth and slots in the stator and
rotor, uniform media used to represent the teeth zones must have
different mean permeabilities in a direction parallel with and
perpendicular to the air gap as shown in Fig. 2. Furthermore, the
slot zones should also represent the conductivity in the direction
of current circulation. Fig. 2 represents an anisotropic region.
It might be used for a tooth region, a slotted region [11], or
a slit solid pole region with copper inserts [18]. The regions
considered are composed of wedge shapes. The region is divided
into slots of width b and teeth of average width 7. The average slot
pitchis p. The relative radial and circumferential permeabilities
ft, and jig, are determined by assuming that in the anisotropic
mass the mmf acting in these directions should produce the

Fig.2. Representation of slot-tooth region with equivalent anisotropic region.

same flux as it would have produced in the original teeth and
slots arrangement.

We can compute the electromagnetic properties of the ho-
mogenous media (for rotor and stator) from the dimensions of
the slots and teeth with the following expressions [19] as shown
in Fig. 2.

1) The equivalent conductivity in the z-direction is

o, = o;t +o.b )
Ds
where o, represents the equivalent conductivity of stator
winding region. o; and o, are the conductivities of stator
iron core and conducting material, respectively.
2) The relative permeability in the radial direction is

e = @
Ps Ps
where p; stands for relative permeability of iron in the
tooth region.
3) The equivalent relative permeability in the circumferential
direction is

HiPs
Ko =

T b+t ®)

It must be noted that y,. and j1,, are constant in a given region.

IV. THEORETICAL ANALYSIS

It is assumed that the winding produces a perfect sinusoidal
traveling wave of electrical frequency w. The line current density
may be represented as

J. = Re{J,, /@17 70)} “4)

where J,,,, w, and p are the amplitude of surface current den-
sity, angular frequency, and number of pole pairs, respectively.
The current density is given by the total ampere-conductors per
cross-sectional area

_ 6V2NI
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where N is the effective number of turns per phase, / is the rms
value of stator phase current, A, is the cross-sectional area of
stator winding region, and the factor 6 is obtained from the prod-
uct of three phases and two conductors per turn. The analytical
field study is performed considering that the motor is rotating
at constant angular speed w,, . The field produced will link all
cylindrical regions from 1 to N. As a first step in the analysis, the
magnetic vector potential of a general region is derived. Assum-
ing that all fields vary as exp[j(w?—p )] and omitting this factor
from all field expressions that follow, Maxwell’s equations for
any region in the model are

VxH=J (6)
VxE=-22 )

with
B=puH (8)

and
J=0E. 9)

Ohm’s law for a medium moving with velocity w,, rin [me-
ter/second] is

J=0(E+w,r x B). 10)

J in the aforementioned equations represents either the im-
pressed current density or the induced current density. Using
the fact that V - B = 0, we define the magnetic vector potential
Aas

B=VxA
such that the identity V - (V x A) = 0 is satisfied.

Using (6), (8), (10), and (11), we obtain the following general
partial differential equation:

0?A.  10A, 1 py 0*A,

o2 r or 1?2 p, 0¢?

Insulated laminations in the rotor and stator core are considered

by setting the conductivity to zero (neglecting the eddy currents)

for these regions. Hence, for the zero conductivity regions such

as rotor core, air gap, stator core, and exterior, we need to solve
Laplace’s equation V2 A, = 0 which reduces to

0*A.  10A, 1 9%A,

or? r Or + r2 0¢?

The aforementioned equation is solved using separation of

variables. Consequently, the solution is the product of two func-

tions of only one variable A(r,¢) = R(r)®(¢$). Because of

symmetry, we know that the variation as a function of ¢ should

be e~/P?. The function R(r) can be obtained by the solution of
Euler equation for (13) given by

d’>R(r) 1dR(r) pdeR(r)
dr? r dr r2  d¢?

and the general solution is given by

(1)

= —popod..  (12)

=0.

(13)

=0 (14)

Az = c1r P + cor? (15)

where ¢; and ¢, are arbitrary constants.

For the stator winding region, the complete solution of (12) is
the sum of the solution of Laplace’s equation and the particular
integral which is given by

—v v /’LUM@JW 2
A =cr ' +er’ — ———++———r (16)
(4 —p*(po/pr))
where
v=p, /2 (17)
L

and for the squirrel cage of high conductivity material, we have
the following differential equation:

PA, 10A, 1 py PA
a2 r or  rip, 09

- IJJ(JN¢U<—jWAz + jpwmAz)

(18)

where w,, and o are the rotor mechanical speed in [ra-
dian/second] and squirrel-cage conductivity in [Siemens per me-
ter], respectively. Defining the slip s = (w — pw,, ) /w, the afore-
mentioned equation reduces to the following modified Bessel
equation:

d’>R(r) dR(r)
2 2 2.2
_ — 1
r s +r o (v +a"r)R(r) =0 (19)
where
aF = jswilo g0 (20)

The complete solution for the squirrel-cage region is given
by

A, =al,(ar)+ K, (ar) 21

where I, and K, are the modified Bessel’s function of the first
kind and second kind, respectively, of order v. Thus, for the six
regions in Fig. 1, we obtain the following set of solutions for
the magnetic vector potential.

1) Rotor iron core

Ay = cpor?. (22)
2) Squirrel cage
Ay = o1 I (ar) + e Ky (ar). (23)
3) Air gap
Az =c3ir P + e3or?. (24)
4) Stator winding
, : 54 Im
Ay =cpr? +eqor? — a _/;()2'[;;; T/H“ ) . (25)
5) Stator iron core
As = c517 P + cxorP. (26)
6) Exterior
Ag =cgir P, 27
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Constants ¢;;in (22)—(27) will be computed from the bound-
ary conditions. We have already omitted c;; and cgobecause for
r =0 and r = oo, the field should vanish. For the remaining
constants, we use the following boundary conditions:

Bﬂt = BT,+1

Hy, = H, (28)

i+1°

Combining the two expressions in (28) with (22)—(27), we
write a set of ten linear algebraic equations where the unknowns
are the constants c¢;; yielding to the following band matrix
equation:

Mc=1b (29)
where the matrix M, and the vectors ¢ and b along with their
elements are given in the Appendix. Once c;; are known, the
magnetic vector potential A is known in all regions. Then, an-
alytical expressions for the magnetic flux density components
can be obtained using (11) for each specific region, namely the
radial component B, and the circumferential component B,.
Using (8), we can compute the magnetic field strength H and
the rotor-induced current density is calculated from (6) as

2
o _
A
Ho /’LOQ
042

J=—

[co1 I, (ar) + coo K, (ar)] . 30)

IU’OI'LOQ

The air-gap power P, is calculated through the concept of
Poynting vector

Pg:%Re/(ExH*)-ds* 31)

s

where the integration is carried out over a cylindrical surface
passing through the air gap.
The rotor losses P, can also be obtained from the relation

1 T OT*
PT—%/(JJ)dV

\4

(32)

where the integration is carried throughout the squirrel-cage
volume. The force density F' in Newton per cubic meter is given
by
_ 1 o,
F:iRe{JxB}. (33)

The circumferential force density F}; that is responsible for
producing the torque is given by the following expression:

Fy, = aleor Iy (ar) + coo Ky (ar 2 (34)
i |alear Iy (ar) (ar)]]
The torque produced (7) is obtained from
T = / rEky,dV (35)
v

where the integration is carried throughout the total volume of
the squirrel cage giving the following expression:

12 b I K, 2
T:// / plalentv(ar) + enk(an)ll” 0y,

0 Jo a 2410 p1g,
(36)

where / is the axial length of the motor. The motor output power
P, is then obtained from

P, =w,T (37)

which should be equivalent to the value obtained from the rela-
tion P, = (1 — s)PF,.
The power delivered by the source P; is given by [20]

P, = —lRe/ (E - J)dV (38)
14

2
where the integration is carried throughout the entire volume of
the stator winding region. J* represents the conjugate of J. The
stator copper loss P. is calculated from

1 _

J - JYav (39)

c 20 4 Jv
where o, refers to the conductivity of stator winding region.

The induced voltage in the stator F that accounts for cross-
gap flux as well as slots and other leakages is obtained from the
relation

1

3BT — — / (B - J)dV (40)
2 Jy

where the integration is carried throughout the volume of stator
winding region. The input impedance Z;, as seen by the stator
is given by
E;
T
Alternatively, the input impedance may be calculated from
the flux linking the stator winding [21]

- j2nV2wIN /d
Zm — IAS j Ardr.

For further verification of the computational results, it is in-
teresting to note that the torque acting on the stator 7 can
be calculated by integrating the circumferential force density
throughout the volume of stator winding region as

1 l 27 d
T, = 5Re / / / {J.BY\r?drdpdz
0 JO c

which should be opposite in sign with that obtained from (36).

Ziy = (41)

(42)

(43)

V. EQUIVALENT CIRCUIT PARAMETERS

The equivalent circuit parameters have been extensively used
by designers and analysts to study the performance characteris-
tics of induction machines. This section gives another method
of calculating equivalent circuit parameters and creates a link
between the analytical model presented here and the Steinmetz
equivalent circuit.
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The leakage and magnetizing reactances are found by per-
forming the locked rotor and no-load tests, respectively. Simi-
larly, the leakage and magnetizing reactances can be found using
the magnetic energy stored at standstill and synchronous speed,
respectively. This is equivalent to performing the tests on the
machine.

For w,, = 0, we have

3L, 1% = %/ (B-H*)dV
14

1 1 27 d
=g [ [ [ G | Pyrrdods
0 0 c
(44)

3Ly 17 = %/ (B-H*")dV
%4

1 L pr2m b
:i“”/ / / (e \H [* + i | Ho | Jrdrdod=
0 Jo a
(45)

and for w,,, = w/p, we have

1 1 27 c
sl =g [ [ [ QHP 4 1H Pyrdrdods - )
0 0 b

where Ly, Lo and L,, are the stator leakage, rotor leakage, and
magnetizing air-gap inductances, respectively.

Analogous to the method followed to calculate the rotor re-
sistance from the blocked rotor test, the rotor resistance 7 is
calculated from

P, = 31%r,. (47)
The stator resistance r; is calculated from

P, =3I%r,. (48)

VI. RESULTS

The electromagnetic field solution for a three-phase induc-
tion motor using the homogeneous medium representation for
both stator and rotor is validated in four ways. 1) Using a com-
mercial finite element program (Comsol Multiphysics [22]), 2)
comparing the output performance (torque—speed characteris-
tics) against the results of a professional grade motor design
program (RMxprt [23]), 3) comparing with a load test on a real
motor whose data are given in Table I, and 4) comparing with
the torque—speed curve obtained from the conventional equiv-
alent circuit method, where the parameters have been obtained
from the locked rotor and no-load tests.

Fig. 3 shows the finite element discretization of the model.
Although with finite element method (FEM) one can solve a
more realistic geometrical configuration, FEM is used here for
the purpose of validating the analytical solution; therefore, we
use the same arrangement as in Fig. 1. It should be noted that
the air-gap layer is not clearly visible in Fig. 3 since the drawing
is made to scale.

Fig. 4 compares the distribution of the rotor-induced current
density calculated with FEM and the proposed model (30) for

TABLE I

MACHINE DATA
Manufacturer Westinghouse
Frame KS56H
Rated power, (hp) 0.75
Number of poles 4
Line stator voltage, (V) 230/460
Rated stator current, (A) 2.4/1.2
Number of turns per phase 342

Frequency, (Hz) 60

Rated speed, (rpm) 1725
Rotor core radius, a (mm) 33.6
Outer rotor radius, b (mm) 48.2
Inner stator radius, ¢ (mm) 48.5
Outer stator winding radius, d (mm) 68

Outer stator iron radius, e (mm) 81
Relative permeability of iron (RM 23) | 3800
Rotor bar conductivity, (S/m) 1.5X10’

Fig. 3. Finite element discretization of the model.
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Fig. 4. Comparison of induced current density computed from FEM and
proposed model.

standstill and rated speed. One can appreciate that the two so-
lutions are identical. At standstill, the induced currents in the
squirrel cage are at rated frequency, hence inducing large eddy
currents. The current distribution is not uniform showing the
typical characteristic skin effect (larger current density near the
external surface). Atrated speed, the induced currents are almost
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Fig. 5. Comparison of flux density components computed from FEM and
proposed model. (a) Radial component. (b) Circumferential component.

uniformly distributed consistent with the expected response for
very low frequency induced current.

Fig. 5(a) and (b) presents the magnetic flux density (radial
and circumferential components) from FEM and the model for
standstill and rated speed conditions. One can appreciate that
the magnitude of the flux density at rated speed is substantially
larger than at standstill. This is because at standstill, most of the
flux is due to armature reaction (leakage flux), while at rated
speed the magnetizing component is dominant. This is better
illustrated in the following with Figs. 6 and 7.

Figs. 6 and 7 show the flux contours at standstill and rated
speed, respectively. It can be observed that at rated speed, the
flux in the rotor and stator penetrates the core, while at standstill
the flux concentrates in the region around the air gap. This is
caused by the power frequency currents induced in the rotor
at standstill. The penetration of the flux in the squirrel cage is
limited by the skin depth. At rated speeds, since the frequency
of induced currents is very low (slip frequency =~ 0), the flux is
able to penetrate the squirrel cage into the rotor iron core. This
is made evident by comparing the number of flux lines in the
rotor core in Figs. 6 and 7. The large magnetizing flux is the

Fig. 6. Magnetic flux density contours at rated speed.

Fig. 7. Magnetic flux density contours at standstill.

primary reason for the magnetizing reactance to be very large
as compared to the leakage reactance.

Fig. 8 compares the torque—speed characteristic for the fol-

lowing four cases.

1) The conventional equivalent circuit based on standard
tests, i.e., the blocked rotor test and no-load test.

2) A load tests on real motor load, i.e., the motor is loaded
slowly from no-load (speed near synchronous) to the
breakdown torque.

3) The motor designed with RMxprt, a production grade
computer software [23], which works based on the equiv-
alent reluctance network to obtain the equivalent circuit.

4) The plot obtained using the proposed model of this paper.

One can appreciate that the four curves match relatively well

between each other. In the operating region, the behavior of the
analytical model of this paper is almost identical to the load test
measurements and the simulation with the standard equivalent
circuit. The breakdown torque and the slip at which it occurs are
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Fig. 8. Comparison of torque—speed characteristics for the following cases:
equivalent circuit from the standard tests, load test results, RMxprt model, and
proposed model in this paper.

also in relatively good agreement with the experimental results.
This is an indication that the leakage inductance and the total
resistance are properly computed with the model.

One can note that the model derived from RMxprt gives
slightly worse results than our model in the operating region
and somewhat better results for the starting torque.

The differences for the starting torque are attributed to the fol-
lowing factors. 1) The approximation made by substituting the
actual slot-teeth geometry of the stator and rotor by anisotropic
media, which is more important at large slips; 2) the use of
constant permeabilities in both directions rather than varying
permeabilities with position; 3) the proposed model does not
consider nonlinearities; and 4) the lack of precision in the mea-
surement of the geometrical dimensions of the motor.

Performance parameters can be drawn from the model of this
paper in addition to the distribution of the electromagnetic fields
inside the machine: torque—speed characteristics, stator and ro-
tor losses, input, air gap and output power, induced voltage,
input power factor, and efficiency.

The model of this paper can be extended to consider satura-
tion by incorporating an iterative approach within the analytical
model by numerically varying the value of .

VII. CONCLUSION

A closed-form solution for the electromagnetic fields inside
a three-phase squirrel-cage induction motor has been presented.
The solution has been obtained by representing the motor by
a cylindrical multilayer geometry. Both the squirrel cage and
the slots teeth of the stator have been modeled by equivalent
anisotropic homogeneous media. The correctness of the ob-
tained analytical expressions has been corroborated by finite
element simulations using the same cylindrical geometry.

The applicability of the solution has been established by com-
paring the calculated torque—speed characteristics against tests
performed on a real motor. Since the model is noniterative, the
formulas of this paper offer a fast and efficient alternative for
field computations in induction motors. Parametric analyses,
varying the number of poles, rotor conductivity, air-gap length,

and squirrel-cage thickness, can be performed to help the de-
signer meet the design objectives and constraints.

APPENDIX

Elements of the matrix equation Mc = b.
1) The constant vector c:

c= [012021022631632641642051052061]T (49)
2) The excitation vector b:
Ho g, Jm CZ 2,ufO Jm c
b: 030307077 - [ b ’
(4 - pZ (IU“N /:um )) (4 - pz (:U«M /,um ))
T
T d? 210 T d
Hokss , e ,0,0[ . (50)
(4 -p (Nm /:um )) (4 -p (/1'@4 /MM ))
3) The coefficient square matrix M:
my =a’', myy = —1, (aa), miz = — K, (aa)
paP~! al! (aa aK! (aa
1 — 1 (L) N S G))
Ho, 21, 24,
mazy = I, (ab), mz3 = K,(ab), mgy =—b"",
ms5; — -
ol (ab) oK/ (ab) e
mMyy = 2”77 my3 = 21’7, mag = pb P71,
Ho, Ko,
mys = —pb?~!
msg =c P, mys=c", mze=—c ", myy=—c"
-1
1 ve™?
mes = —pc ', mes =pd, mes = )
Moy
vt
me7 = —
Mo,
mre =d ", mpr=d’, mgg=—d ", mg=—-d
Udf’ufl ,Ud’ufl pd7p71
mge = — y Mgy = y Mgg = ,
He, Koy Hes
pd~!
mgg = —
Koy
mgg = e r, mgg=¢el', mgyg=—e?
pe—p—l ep_l —p—1
mios = — y M9 = , Mip10 = pe .
Hes Hos
(51
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